Transitions between topologically distinct electronic states have been predicted in different classes of materials and observed in some. A major goal is the identification of measurable properties that directly expose the topological nature of such transitions. Here we focus on the giant-Rashba material bismuth tellurium iodine (BiTeI) which exhibits a pressure-driven phase transition between topological and trivial insulators in threedimensions. We demonstrate that this transition, which proceeds through an intermediate Weyl semi-metallic state, is accompanied by a giant enhancement of the Berry curvature dipole which can be probed in transport and optoelectronic experiments. From first-principles calculations, we show that the Berrry-dipole -a vector along the polar axis of this material-has opposite orientations in the trivial and topological insulating phases and peaks at the insulator-to-Weyl critical points, at which the nonlinear Hall conductivity can increase by over two orders of magnitude.
A material that is on the verge of a transition between two phases is prone to strongly enhanced responses to small external perturbations. Such divergent susceptibilities are wellknown for critical systems with thermal phase transitions in which the development of long-range order is characterized by a local order parameter. However, for systems that have a topological electronic phase transition, in which local order parameter physics is absent, the identification and characterization of measurable signatures of the topological change close to criticality remains largely an open problem. In this context, we investigate pressure-induced topological electronic phase transitions in the giant Rashba semiconductor BiTeI [1] . This allows us to identify a direct experimental signature of the topological transition: a very strongly enhanced nonlinear Hall conductivity, which is related to a large increase of the Berry curvature dipole moment of the electronic bands close to criticality.
BiTeI is a trivial insulator with a strong Rashba-type spinorbit coupling and has been predicted to become a strong topological insulator at moderate pressures [2] . These insulating phases are separated by an intermediate Weyl phase [3, 4] . The ambient pressure crystalline structure has been demonstrated to be stable up to about 9 GPa, which is well above the theoretically expected pressure for the topological phase transition at about 3 GPa [5] . Although there are arguments based on optical experiments for the existence of the topological phase transition [6] , the optical properties display a rather smooth evolution up to 9 GPa [7] . On the other hand, transport experiments present a broad minimum of resistivity at the pressures near where the topological phase transition is expected [5, 8] . Therefore, to our knowledge, there is no experimental evidence of signatures directly associated with the topological nature of the phase transition, such as the appearance of metallic surface states.
A crucial property of BiTeI is the absence of inversion symmetry, which allows for momentum states with nonzero Berry curvature. This opens the possibility to analyze the transitions between the topologically distinct electronic phases by investigating response functions that are particularly sensitive to the geometry of the Bloch states [9] [10] [11] [12] [13] [14] [15] [16] . Based on this observation and the recent proposal that systems with time reversal symmetry but without inversion symmetry can have a Hall-like effect at zero magnetic field [9] , we establish the nonlinear response to electric fields as a useful diagnostic of the topological phase transition.
The associated Hall current that is nonlinear in the electric field originates from the anomalous velocity caused by the Berry curvature of the electronic bands. Specifically, in the presence of an electric field E c =Re{E c e iωt }, the second order response current reads j a =Re{ j
The nonlinear response function χ abc effectively measures a first-order moment of the Berry curvature over the occupied states, the Berry dipole:
Here, E nk is the energy dispersion of the n-th band, f 0 the equilibrium Fermi distribution, τ the relaxation time and
In this work, we study the nonlinear Hall conductivity of BiTeI as a function of hydrostatic pressure and electronic doping by computing the Berry dipole D from first-principles. We also introduce a lowenergy effective model that allows us to present an analytical description of our main results and finally, we analyze different transport and optoelectronic experiments that are expected to exhibit fingerprints of the Berry curvature dipole. Topological phase transitions -BiTeI is a layered polar compound with space group P3m1 (No. 156). Bi, Te and I layers, each having C 3v symmetry, are stacked along the c axis breaking inversion symmetry, see Fig. 1(a) . To study the evolution under hydrostatic pressure (P), we use the experimental values of the lattice parameters a and c reported in Ref. [6] . We also consider additional pressures in between the ones for which experimental data is available, interpolating a and c linearly from the experimental data. For fixed values of a and c, we determine the vertical position of the Te and I atoms by minimization of the total energy.
For each pressure, we perform fully relativistic Density Functional Theory calculations using the GGA approximation for the exchange and correlation functional [17] and compute the Berry curvature of the Bloch states by Wannier interpolation [18] (see Supplementary Material [19] ). In three dimensions, the Berry curvature is a vector field defined in the Brillouin zone. We find convenient to measure its components in cylindrical coordinates with the z-axis taken along the polar axis of BiTeI, as shown in Fig. 1(b) . Fig. 1(c − e) show for different pressures the band structure and the azimuthal component of the Berry curvature of the conducting bands (Ω φ ). As we will see later, this is the component that contributes to the Berry dipole in BiTeI. The energy exhibits the Rashba-like dispersion while Ω φ has extremes at the bottom of the conduction bands. As P increases, the gap between valence and conduction bands (∆) is reduced and the extreme of Ω φ along the path AH becomes sharper and achieves larger values. The gap initially closes at P c1 = 2.9 GPa in a point belonging to this path. Upon further increasing P, the Weyl nodes move both in k y and k z directions until they annihilate in the mirror plane AML and the gap reopens at P c2 = 3.0 GPa. This evolution of the Weyl nodes is in agreement with previous calculations [3, 4] . For P > P c2 , increasing the pressure pushes the system deep into the topological insulating phase and the maximum of the Berry curvature is reduced. Interestingly, due to the band inversion the Berry curvature of the two insulating states has a different sign. Fig. 1( f ) sketches the phase diagram, showing ∆ as a function of P. The pressures in which ∆ vanishes are in excellent agreement with experimental expectations [5, 6] .
Berry curvature dipole -We begin by considering how the C 3v symmetry constraints the Berry curvature dipole tensor in BiTeI. Fig. 2(a − b) show for some particular values of k z the Berry curvature in cylindrical coordinates. Since Ω is a pseudo-vector, the components Ω ρ and Ω z are odd with respect to mirror planes, while Ω φ is even. As a result, the azimuthal component of the Berry curvature is seen to swirl around the polar axis in a solenoidal fashion. This circulating pattern is what gives rise to a non-vanishing Berry curvature dipole in this material. On the other hand, Ω ρ and Ω z must change sign at the mirrors and their contributions average out to zero. As explained in Ref. [9] , the existence of three mirror planes related by three-fold rotations along the polar axis forces the symmetric part of the dipole tensor to vanish. The remaining antisymmetric part can be described as a vector and only the component of such vector along the polar axis of BiTeI is nonzero. Therefore, in the rest of this article we will focus on this vector which can be written in terms of Eq. ing are moderate as compared to the ones obtained in Ref.
[20] for different Weyl semimetals, and larger than found in Ref. [21] for trigonal tellurium. The maximum as a function of µ indicates that, in this range of doping, there is a density of carriers which optimizes the nonlinear response. This non-monotonicity arises from the competition between the size of the Berry curvature, which is larger at the band bottom, and the growing number of states as the chemical potential increases. Namely, the maximum corresponds to an electronic density that results in the best compromise between giving rise to a large Fermi surface and having carriers at the Fermi level with large Berry curvature. In the experimental situation in which the system has a certain density of carriers, hydrostatic pressure can affect these competing tendencies by significantly increasing the Berry curvature of the states at the band bottom, as we discuss next. Fig. 3 presents the Berry dipole as a function of pressure for different electronic densities, n. One of the central findings of our work, is that the Berry curvature dipole vector, d = d zẑ , reverses its orientation in going from the trivial to the topological insulating phase. The origin of this reversal can be traced back to the band inversion that causes a change of sign in the Berry curvature (see Fig. 1 ) and, therefore, the measurement of the Berry curvature dipole offers a direct signature of the topological nature of the phase transition. The evolution with pressure exhibits a noticeable dependence on the amount of doping. For large n, the carriers at the Fermi surface have relatively small Berry curvature and the evolu- tion of d z is rather smooth. As the density is reduced, states at the chemical potential come closer to the location of the Weyl nodes in the intervening semimetallic phase, giving rise to a large enhancement of the Berry curvature and its dipole. In this regime, the Berry dipole not only has a different sign in the two insulating phases but also displays sharp peaks located at the topological phase transitions. According to our calculations, this dependence on the density is observed up to n ∼ 1 × 10 15 cm −3 . Reducing further the density (see Supplementary Materials [19] ), the decrease in the number of states becomes dominant and, as expected in the limit µ → 0, the Berry dipole decreases its absolute value.
Model -In this section we analyze within a simple model the enhancement of the Berry dipole that is obtained when the phase transition is approached from the topological insulator side. Similar considerations apply when approaching the transition from the trivial insulator side. We consider a two-band model for the pair creation or annihilation of Weyl nodes near one of the mirror invariant planes (ALM planes, see Fig. 1(b) ). The valence and conduction bands will touch at some point k 0 along this plane. The corresponding mirror is the only element of the little group. Choosing the x direction along the AL line, y along LH and z along ΓA, the mirror acts as:
A simple "k dot p" model capturing the symmetries and the pair creation of Weyl nodes is:
Here σ x,y,z are Pauli matrices and σ 0 is the identity. The last two terms do not change the local Berry curvature but affect the shape of the Fermi surface. The finite tilt u x term is crucial to get a finite Berry dipole. For λ > 0, this model describes an insulator with a gap ∆ = λ |m| . The critical point between this insulator and a Weyl semimetal is realized at λ = 0. In BiTeI there is a total of 6 pairs of Weyl points related by discrete C 3v operations and time reversal symmetry [3] . This model captures only one such pair but notice that all the pairs will contribute additively to the total Berry dipole [22] .
Assuming we have a finite carrier density n in the conduction band, and far away from the critical point such that ∆ is the largest energy scale and the tilt is small u x v x , the dipole resulting from the long wave-length Hamiltonian Eq. 4 is
Thus, as the band-closing is approached from the topological insulator side, the Berry-dipole is strongly enhanced, with an asymptotic behavior as ∼ 1/∆ 2 for large ∆. The inset in Fig.  3 shows a direct comparison of this analytical result with the full band structure calculations in the low density regime. For sufficiently large ∆, the numerical data is indeed consistent with the inverse quadratic behavior, which saturates when ∆ is reduced to values of the order of µ.
A similar analysis can be performed when the band touching is approached from the trivial insulator side. The detailed argumentation differs slightly due to a different little group at the point where the conduction and valence bands touch [3, 4] , but an analogous model can be developed. The origin of the opposite sign of the Berry curvature dipole in this phase can be understood to arise from the different sign of the effective parameter m which controls the relative ordering in momentum space of the Weyl nodes with opposite chirality.
Experimental signatures -In the following we describe different types of optoelectronic and transport measurements that can be used to probe the Berry curvature dipole across the topological phase transition of BiTeI. Throughout this discussion we consider an electric field applied at a frequency that is smaller than the inter-band optical threshold ω ∆. Following Ref. [9] , we expect a rectified current at zero frequency and a second harmonic current at 2ω given by, respectively:
Here the fields E are complex vectors to account for nontrivial light polarization. The formula can also be used to obtain currents in the DC limit by simply taking E to be a real vector and multiplying, e.g., the result for j 0 by a factor of 2 [9] . The electric field polarization can be used to control the direction of j 0 and j 2ω and their relative amplitude. There are a few special cases of particular interest, the first of which is circularly polarized light. If the polarization plane is orthogonal to the polar axis, E = E(x + iŷ), the second harmonic current vanishes and the current reduces to:
In contrast, if the polarization plane contains the polar axis, E = E(x + iẑ), j 0 and j 2ω have equal amplitude but flow along different directions: j 0 = e 3 τd z E 2 (ẑ +x)
2(1 + iωτ)
, j 2ω = e 3 τd z E 2 (ẑ −x) 2(1 + iωτ) .
It is remarkable that the currents flow along orthogonal directions that are 45 degrees away from the polar axis. Finally, in the case of linearly polarized light with the electric field at an angle θ from the polar axis, E = E(sin θx + cos θẑ), the currents read: j 0 = j 2ω = e 3 τd z E 2 sin θ 2(1 + iωτ) (sin θẑ − cos θx)
Notice that the currents alongx and alongẑ have different characteristic dependences on θ.
In summary, we have demonstrated that the Berry curvature dipole in BiTeI conveys key information about the topological state of the system. The Berry dipole vector presents opposite orientations in the topologically distinct insulating phases. In addition, its magnitude sharply peaks at the phase boundaries between the insulating phases and the intervening Weyl semimetallic phase. Optoelectronics and transport measurements, such as the nonlinear Hall effect, are predicted to offer direct experimental evidence of the topological phase transitions in this material under pressure.
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